In this paper, the notion of cyclic B-algebras is introduced and some of its properties are investigated. Also, the laws of exponents for Balgebras are determined. Lastly, this paper seeks to confirm whether the class of cyclic B-algebras and the class of cyclic groups coincide.
Introduction
In 2002, J. Neggers and H. S. Kim [6] introduced the concept of B-algebra. It is an algebra (X; * , 0) of type (2, 0) (that is, a nonempty set X with a binary operation * and a constant 0) such that the following axioms are satisfied for all x, y, z ∈ X: (I) x * x = 0, (II) x * 0 = x, and (III) (x * y) * z = x * (z * (0 * y)). In [5] , the notion of subalgebra and normality of B-algebras were introduced. A nonempty subset A of a B-algebra (X; * , 0) is a subalgebra of X if a * b ∈ A for all a, b ∈ A. It is then called a normal subalgebra of X if (x * a) * (y * b) ∈ A for all x, y, a, b ∈ X with x * y, a * b ∈ A. Throughout this paper, X will denote the B-algebra (X; * , 0) unless otherwise specified.
Meanwhile in [6] , the authors had investigated the relationship between B-algebras and groups and asked whether a group determines a B-algebra, and conversely. The answer is affirmative, and the characterizations are shown in [1] and [4] . From that point, it is then natural to ask whether the concept of cyclic B-algebras is possible. Hence, this paper seeks to answer this particular inquiry. It gives further properties of B-algebras by defining its laws of exponents, which then lead to the definition and characterization of cyclic B-algebras. Further, this paper seeks to establish whether the class of cyclic B-algebras and the class of cyclic groups coincide.
The Laws of Exponents for B-algebras
To begin this section, we recall the following axioms for a B-algebra X: (P1) 0 * (0 * x) = x [6] , (P2) y * x = 0 * (x * y) [7] , and (P3) x * (y * z) = (x * (0 * z)) * y [6] for all x, y, z ∈ X.
Let x ∈ X and n ∈ Z + . In [6] , the recurrence relation
is defined, where x 0 = 0 and x 1 = x 0 * (0 * x) = 0 * (0 * x) = x by (P1). We shall give an explicit equation for (1) . Let x, y ∈ X and consider the expression (. . . ((x * y) * y) * . . .) * y, where y occurs n times. Let us denote that expression
Proof. Let x ∈ X. If n = 1, then x 1 = x by the recurrence relation (1). Now by (II) and (I), we have
the equality holds for n = 1. Suppose the equality holds for n ≥ 1. Then
x for all n ≥ 1. Now by (1) and the induction hypothesis, as well as by repeatedly appyling (III), (P2), and (P3), we have
Hence, the condition holds for n + 1. By PMI, conclusion follows.
We shall take note of Definition 2.2 for these provide important results for this study. Such important results include the following:
Proof. Let x ∈ X and n a positive integer. Then (−x) n = −x * 0 * n−1
−x
by Lemma 2.1. By repeatedly applying (P1) and (P3), we have
This completes the proof.
The following corollary is obtained by applying Lemma 2.3 and (P1).
Corollary 2.4.
For all x ∈ X and n ∈ Z + , (
Notice that by Lemma 2.3, x −n = 0 * x n for all n ∈ Z + by Lemma 2.2. Thus by Lemma 2.1 and (P2),
Lemma 2.5. Let A be a subalgebra of X. Then x n , x −n ∈ A for all x ∈ X and n ∈ Z + .
Proof. Let x ∈ A. Then A a subalgebra of X implies 0 ∈ A. Thus, 0 * x ∈ A and so 0 * k x ∈ A for all k ∈ Z + . Hence, the conclusion follows.
We recall the following theorem:
by Lemma 2.3 and Corollary 2.4. Therefore, by considering Definition 2.2, we have the following corollary:
Suppose m, n ∈ Z. Then we ask the following question: Is g m * g n = g m−n ? Certainly, the equality holds if m, n = 0, and for m, n > 0 by Corollary 2.7. Also, the equality holds for m, n < 0 since −m,−n ∈ Z + and by Corollary 2.4 and Lemma 2.3,
Hence, we are left to show that g m * g n = g m−n whenever m < 0 or n < 0. Observe that Corollary 2.7 cannot be used since −x = 0 * x for all x ∈ X and x −n = (−x) n for all n ∈ Z + . Thus, we shall prove this assertion in another way.
Theorem 2.8. The following equalities hold for all x ∈ X and m, n ∈ Z + :
Proof. (i) By Lemmas 2.3, 2.1, and (P2),
Also,
(ii) (By induction on n.) Observe that by (P2) and Lemmas 2.1 and 2.3,
Thus, the equality holds for n = 1. Suppose the equality holds for n ≥ 1, that is, −x * x n = x −(n+1) . Now by Lemma 2.1, (P3), (P2), and (i),
and so the equality holds for n + 1.
(iii) By Lemma 2.1, (III), (P2), (ii), and (i),
(iv) (By induction on m.) By (i) and (ii), the equalities holds for m = 1. Suppose the equalities holds for m ≥ 1. Then for all n ∈ Z + , x m * x −n = x m+n and x −m * x n = x −(m+n) . Now by (iii), (III), Corollary 2.4, and (i),
Also by (i), (III), and (iii), we have
Hence, the equalities hold for m + 1.
We can now formalize the assertion posted earlier. This result follows immediately from Corollary 2.7 and Theorem 2.8(iv).
We shall also extend Lemma 2.3 and Corollary 2.4 for all n ∈ Z. Clearly, we have
Thus by Corollary 2.4 and Lemma 2.3, we have
We summarize these observations in the following result: Corollary 2.10. For all x ∈ X and n ∈ Z,
Proposition 2.11. Let x ∈ X and m, n ∈ Z. Then (
Proof. Clearly, the equality holds in either m = 0 or n = 0. Suppose m, n > 0. Then by Lemma 2.1, 2.3, and Corollary 2.9, we have
Meanwhile, if m, n < 0, then −m, −n > 0. Thus by Corollary 2.10,
Suppose either m < 0 or n < 0. WLOG, assume that m < 0. Then −m > 0. Again by Corollary 2.10,
and so the proof is complete.
Lemma 2.12. Let x, y, z, w ∈ X and a, b, c, d
Proof. Observe that by (III), Lemma 2.3, and Corollary 2.10, we have
The following corollary is obtained by applying Lemma 2.12 repeatedly. 
On Cyclic B-algebras
In [3] , if {N α : α ∈ A } is any nonempty collection of subalgebras of a Balgebra X, then (ii) If A = {a 1 , a 2 , . . . , a n }, then we write A B = a 1 , a 2 , . . . , a n B . Here, we say that A B is finitely generated.
(iii) If A = {a}, then A B = a B is called the cyclic subalgebra of X generated by a. Furthermore, {0, 1, 2, 3} is a cyclic subalgebra of X generated by either 1 or 3.
In view of Definition 3.1, A B is the smallest subalgebra of X containing A. This implies that ∅ B = 0 B = {0} and X B = X.
Theorem 3.3. If ∅ = A ⊆ X, then A B consists of all finite products
2 ) * a 
. , t, with t < +∞. If A is a singleton, that is,
Proof. Let
2 ) * a
We first claim that U is a subalgebra of X. Let x, y ∈ U . Then
2 ) * a for some a i , b j ∈ A and for some n i , m j ∈ Z, where i = 1, . . . , t and j = 1, . . . , s with t, s < +∞. Now by Corollary 2.13,
2 ) * a 2 ) * a
Therefore, U ⊆ A B , proving the second claim. Combining the claims and the first statement is proved.
For the second statement, we observe from Corollary 2.9 that
with k = n 1 − n 2 − . . . − n t . Hence, the second statement is proved, and so the proof of the theorem is complete.
Definition 3.4. Let X be a B-algebra.
If there is an a ∈ X such that a B = X, then X is called a cyclic B-algebra generated by a.
We shall give some elementary properties of cyclic B-algebras. Recall that a B-algebra X is said to be commutative (see [6] ) if a * (0 * b) = b * (0 * a) for all a, b ∈ X. Also, the authors of [2] have proved that a B-algebra X is commutative if and only if the equality x * (x * y) = y holds for all x, y ∈ X.
Theorem 3.5. Every cyclic B-algebra is commutative.
Proof. Let X be a cyclic B-algebra generated by a ∈ X. Let x, y ∈ X. Then x = a r 1 and y = a r 2 for some r 1 , r 2 ∈ Z. Now by Corollary 2.9,
Hence, X is commutative.
Theorem 3.6. Every subalgebra of a cyclic B-algebra is cyclic.
Proof. Let X be a B-algebra generated by a and let N be a subalgebra of X. If N = {0}, then N = (0), a cyclic subalgebra of X. Suppose N = {0}. Let x ∈ N with x = 0. Then x = a k for some k ∈ Z. Moreover, k = 0 (zero element of Z) since x = 0 (constant element of X). Also by Corollary 2.10(i) and Lemma 2.5, we have a −k = (a k ) −1 = x −1 = −x ∈ N . Now, either k or −k is positive, and so there is at least one element in N which is a positive power of a. Consider the set S = {p ∈ Z + : a p ∈ N }. Then S = ∅ since either k ∈ S or −k ∈ S. By the Well-Ordering Principle, S has a least element m such that a m ∈ N . We then claim that N = a 
By (I), (P3), and Corollary 2.10, we have
This implies that by (I), a r = a s * (a m ) q ∈ N . Now, r = 0, otherwise if r > 0, then r ∈ S with r < m, a contradiction to the minimality of m. Theorem 3.8. [4] Let (X; * , 0) be a B-algebra. Then (X, ·) is a group where · is defined by x · y = x * (0 * y) for all x, y ∈ X. Here, identity element is e = 0 and for each x ∈ X, the inverse element x −1 of x is given by
Notice that the notation x −1 in Proposition 3.7 indicates the inverse of an element x ∈ X whenever X is viewed as a group. Therefore, it is NOT equal to the notation as in Definition 2.2. To avoid confusion, we shall rewrite x −1 as x and x −n as x (n) for each n ∈ Z + for an element x of the group (X, ·). Let us consider the integral powers of each element a ∈ X in the context of cyclic B-algebras and cyclic groups. Let k ∈ Z. We shall denote a K as the expression a k in view of the cyclic B-algebra (X; * , 0). On the other hand, we denote a K as the expression a k in view of the cyclic group (X, ·). In this sense, note that K = k = K . Theorem 3.9. Let (X, ·) be a group and (X; * , 0) be the B-algebra derived from (X, ·). If (X, ·) is cyclic, then so does (X; * , 0).
Proof. By Proposition 3.7, x * y = x · y for all x, y ∈ X. We claim that x = 0 * x for all x ∈ X. Observe that the inverse of x in (X, ·) is unique. Moreover, we have x * (x ) = x * x = 0 and x * (0 * x) = x * (0 * (0 * x)) = x * x = 0 by (P1). Therefore, x = 0 * x and so the claim is proved. Next, suppose (X, ·) is a cyclic group generated by a.
Then by repeatedly applying (III) and (P1), we have
If k < 0, then −K, −K > 0, and so it follows from Corollary 2.10 that
Combining the cases, we have X = a = a B Hence, (X; * , 0) is cyclic. Theorem 3.10. Let (X; * , 0) be a B-algebra and (X, ·) be the group derived from (X; * , 0). If (X; * , 0) is cyclic, then so does (X, ·).
Proof. By Theorem 3.8, x · y = x * (0 * y) and x = 0 * x for all x, y ∈ X. Suppose (X; * , 0) is a cyclic algebra generated by a. Let k ∈ Z. Then clearly, a K = a = a · a
Suppose k < 0. Then −K, −K > 0. Thus by Corollary 2.10(i), it follows that a K = (a −K ) −1 = 0 * a −K = (a −K ) = (a −K ) = a K . Therefore, X = a B = a . This shows that (X, ·) is cyclic.
Combining Theorems 3.9 and 3.10, it follows that the class of cyclic Balgebras and the class of cyclic groups coincide. We finish this section by providing a corollary of the above-mentioned theorems:
Corollary 3.11. Let (X; * , 0) be a B-algebra and (X, ·) the group derived by (X; * , 0). Suppose Cycl B (X) is the class of cyclic subalgebras of (X; * , 0) and ∅ = A ⊆ X. Then A ∈ Cycl B (X) if and only if A is a cyclic subgroup of (X, ·).
